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Penalty Functions in FOCUS to Constrain Stellarator
Coll Optimization

Presented by Thomas Kruger
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Outline

- Overview of constrained optimization and penalty functions
- FOCUS penalty functions and objective functions

- HSX colls optimized with and without penalty objective functions



. R
We Want to Constrain Important Engineering Quantities

In FOCUS
Constrained
Unconstrained min  f(x)
min  f(x) subjectto g;(x) <0 for i=1,..,n

hi(x) =0 for j=1,..,m

We want to constrain the maximum curvature and minimum coil to coill
separation in FOCUS

Constrained

Unconstrained min wgy,fpn + Wi fL

subjectto k <k, for any point on any coil

min wgy, fpn + Wi fL

|r; — | =1, for any two points on any two coils
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Penalty Functions Turn a Constrained Optimization Problem

Into a Series of Unconstrained Optimization Problems
min  f(x)

subjectto g;(x) <0 for i=1,..,n

l

min - @, (x) = () + 3™, p;(9; (%), ) pi(9:(0), ari) <pi(gi(x) + lel ) vV gi(x) >0

where p;(g;(x), ;) >0 if g;(x) >0 0 <ag; <y,

P (9:(2), @) = 0 if g;(x) <0 pi(9i(x), agi1i) > pi(gi(x),ar;) V gi(x) >0
pi(9:(x), ap ;) > 0 as ay; > api(g;(_’(‘i’)“"'i) € C° atleast

min wgy,fpn + Wi fL

subjectto k <k, for any point on any coil —

min WanBn + WLfL + Pcc + Px

|r; —ry| =1, for any two points on any two coils
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Penalty Functions Used in FOCUS Optimizations

Hy(x)(a(x-5))° D, H/(x)(a(x-5))>
3 1.2
] —a =0.12 —a =0.12
P1.(x) = Hy, () (ar(x — x0)) 25 ool 1 ezol
—a =0.3 —a =0,
2 —a =0.36 0.8 —ey =g.gﬁ
1 0.4
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0 2 4 6 8 10 0 2 4 6 8 10
2
p,(x) = H,, (x)(cosh(oc(x — xo)) - 1)
a>0 H, (x)(cosh(a(x-5))-1)2 D, H(x)(cosh(a(x-5))-1)°
4 —4=012 4 —4=012
—a =0.18 —a =0.18
a =0.24 a =0.24
3 —a =0.3 3 —a =0.3
—a =0.36 —a =0.36
( 2 ’
0, x < Xg
1 1 1
on(x)EH(x—x0)=<§, X = X
00 2 4 6 8 10 00 2 4 6 8 10
\1’ X > Xq
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Outline

- Overview of constrained optimization and penalty functions
- FOCUS penalty functions and objective functions

- HSX colls optimized with and without penalty objective functions
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FOCUS has Four Curvature Functions Implemented

Ne 27
1
Linear curvature objective function feq = N Z /0 ki dt
€ i=1
. . . . Ne 2T
Quadratic curvature objective function fog = 1 Z/ <2 i
| NC =1 0 ?’
Curvature penalty function, hyperbolic Ne g
cosine penalty function can be Pt = — Z/ H,., (1) (cosh(a(; — ko)) — 1)2 dt
substituted with another penalty function Ne = Jo

a>0 Kg>0

Curvature penalty function and

Ne 2T
curvature “complexity” objective P2 = Ni Z Li/ )| (Hyy (ki) (cosh(a(k; — ko)) — 1)? +cry ) dt
function. Again, penalty function can ¢i— 1 J0

be substituted a>0 Kkg>0 ¢>0
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FOCUS can Constrain the Minimum Coill to Coll
Separation Using Penalty Functions

Ne—1  Ne

2 2
P N 2 2 / CH (I = x50) (cosh (a(ra = Jri = x5])) = 1)7 dbs

a>0 ra>0

- Penalty function can be substituted with another penalty function

. Nc(’\;C_l) IS equal to the binomial coefficient (’\;C) the distinct number of pairs

that can be selected from N objects
) x < X0

1

.. : 1
- Heaviside function steps down H_, (=x) = H(xo — x) =+ > X = Xg
0 X > Xg



FOCUS Optimizes for a Normal Magnetic Field

Distribution on a Plasma Boundary

1 2 1 /By -n—Tg,\"
_[lg a._ I d
JBn,1 /;2 (By -n—1g,)"dS JBn,2 /82 ( B, ) S

- B, Is the magnetic field from coils

- Tz, 1S @a Neumann boundary condition that comes from plasma currents and
any fixed external current sources

- S Is a plasma boundary

- Coll currents held fixed during optimization and therefore | do not include a
toroidal flux objective function



Three Length Objective Functions are Implemented In

FOCUS

N, 2 Ne¢ L.
B 1 1(Li—L7;’()) . 1 e
Jia = N, Z 2 Lzo JLe = Ne Z el

=1 Z, 1=1

N 2
fra = LZ Hpn(|Li — Liol) (|Li — Lio| — La)
b3 TN, 212,

1=1

Lan>0  Lijog>0

- L; , Is the user-specified ideal colil length

- fL1 and f; 3 can be thought of as weak constraints
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Outline

- Overview of constrained optimization and penalty functions
- FOCUS penalty functions and objective functions

- HSX colls optimized with and without penalty objective functions



Six HSX Colls Sets are Compared

1. The HSX colls that are not optimized with FOCUS

2. Coills optimized with no curvature functions and no coil to coil separation
penalty function

3. Colls optimized with the linear curvature objective function and no coil to coil
separation penalty function

4. Colls optimized with the quadratic curvature objective function and no coil to
coll separation penalty function

5. Colls optimized with a curvature penalty function and no coil to coill
separation penalty function

6. Colls optimized with a curvature penalty function and the coll to coll
separation penalty function
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1. The HSX coils that are not optimized 2. Coils optimized with no curvature 3. Coils optimized with the linear curvature

with FOCUS functions and no coil to coil separation objective function and no coil to coil separation
E penalty function penalty function g

4. Coils optimized with the quadratic 5. Coils optimized with a curvature 6. Coils optimized with a curvature penalty

curvature objective function and no coil to Penalty function and no coil to coil function and the coil to coil separation penalty

coil separation penalty function separation penalty function function

o B oo R
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1. The HSX coils that are not optimized 2. Coils optimized with no curvature 3. Coils optimized with the linear curvature

with FOCUS functions and no coil to coil separation objective function and no coil to coil separation
By -n penalty function penalty function
-3
|BV| 0.02 petd I0.015
- I I6 * \ ‘ A ™ 0.01
. . \\ 0.01 14 . 5 | 0.005
. » 2
\ 0 0 % . I ¢
» b -0.005
001 j A > -0.01
i . I I-6 -0.015
4. Coils optimized with the quadratic 5. Coils optimized with a curvature 6. Coils optimized with a curvature penalty
curvature objective function and no coil to penalty function and no coil to coil function and the coil to coil separation penalty
coil separation penalty function separation penalty function function
x103
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1. The HSX coils that are not optimized 2. Coils optimized with no curvature 3. Coils optimized with the linear curvature

with FOCUS functions and no coil to coil separation objective function and no coil to coil separation
penalty function penalty function
4. Coils optimized with the quadratic 5. Coils optimized with a curvature penalty 6. Coils optimized with a curvature penalty
curvature objective function and no coil to function and no coil to coil separation function and the coil to coil separation
coil separation penalty function penalty function penalty function
/E(Bv-n—TBn)QdS Maximum Curvature | Minimum Coil to Coil
52 Byl (m”"-1) Separation (cm)
1 1.86x10"-5 12.3 9.3
2 8.40x10"-7 246 8.0
3 1.80x10"-5 20.0 8.5
4 1.90x10"-5 11.0 8.0
) 1.24x10"-6 12.3 8.5
6 8.50x107-7 12.3 9.9




Conclusions and Future Work

- Penalty functions are used to constrain important engineering guantities in
FOCUS

- Colls can be solved for that have both constrained engineering quantities and
low magnetic field errors

- Penalty functions can be applied to various other problems, for instance
constraining rotational transform profiles in STELLOPT to avoid low order
rationales

- Coll to coll separation penalty function increases runtime and will be
parallelized

- New coils for ATEN and BILA will be optimized to increase minimum coill to coill
separation and hopefully decrease field error

Thanks for your attention



