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Outline 

• Overview of constrained optimization and penalty functions

• FOCUS penalty functions and objective functions 

• HSX coils optimized with and without penalty objective functions 
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We Want to Constrain Important Engineering Quantities 

in FOCUS

We want to constrain the maximum curvature and minimum coil to coil     

separation in FOCUS  
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Constrained 

min   𝑓(𝒙)

subject to   𝑔𝑖 𝒙 ≤ 0 for   𝑖 = 1,… , 𝑛

ℎ𝑗 𝒙 = 0 for   𝑗 = 1,… ,𝑚

Unconstrained 

min   𝑤𝐵𝑛𝑓𝐵𝑛 + 𝑤𝐿𝑓𝐿

Constrained 

min   𝑤𝐵𝑛𝑓𝐵𝑛 + 𝑤𝐿𝑓𝐿

subject to   𝜅 ≤ 𝜅0 for any point on any coil

|𝒓𝒍 − 𝒓𝒌| ≥ 𝑟∆ for any two points on any two coils 

Unconstrained 

min   𝑓(𝒙)



Penalty Functions Turn a Constrained Optimization Problem 

into a Series of Unconstrained Optimization Problems 
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min   Φ𝑘 𝒙 = 𝑓 𝒙 + σ𝑖=1
𝑛 𝑝𝑖(𝑔𝑖 𝒙 , 𝛼𝑘,𝑖)

where   𝑝𝑖(𝑔𝑖 𝒙 , 𝛼𝑘,𝑖) > 0 if   𝑔𝑖 𝒙 > 0

𝑝𝑖(𝑔𝑖 𝒙 , 𝛼𝑘,𝑖) = 0 if   𝑔𝑖 𝒙 ≤ 0

𝑝𝑖 𝑔𝑖 𝒙 , 𝛼𝑘,𝑖 → ∞ as   𝛼𝑘,𝑖 → ∞

min   𝑓(𝒙)

subject to   𝑔𝑖 𝒙 ≤ 0 for   𝑖 = 1,… , 𝑛

𝑝𝑖 𝑔𝑖 𝒙 , 𝛼𝑘,𝑖 < 𝑝𝑖(𝑔𝑖 𝒙 + 𝜀 , 𝛼𝑘,𝑖) ∀ 𝑔𝑖 𝒙 > 0

0 < 𝛼𝑘,𝑖 < 𝛼𝑘+1,𝑖

𝑝𝑖(𝑔𝑖 𝒙 , 𝛼𝑘+1,𝑖) > 𝑝𝑖(𝑔𝑖 𝒙 , 𝛼𝑘,𝑖) ∀ 𝑔𝑖 𝒙 > 0

𝜕𝑝𝑖 𝑔𝑖 𝒙 ,𝛼𝑘,𝑖

𝜕𝑔𝑖 𝒙
∈ 𝐶0 at least 

min   𝑤𝐵𝑛𝑓𝐵𝑛 + 𝑤𝐿𝑓𝐿

subject to   𝜅 ≤ 𝜅0 for any point on any coil

|𝒓𝒍 − 𝒓𝒌| ≥ 𝑟∆ for any two points on any two coils 

min   𝑤𝐵𝑛𝑓𝐵𝑛 + 𝑤𝐿𝑓𝐿 + 𝑝𝑐𝑐 + 𝑝κ



Penalty Functions Used in FOCUS Optimizations 
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𝑝1 𝑥 = 𝐻𝑥0 𝑥 𝛼 𝑥 − 𝑥0
𝛽

𝛼 > 0, 𝛽 ≥ 2

𝐻𝑥0 𝑥 ≡ 𝐻 𝑥 − 𝑥0 =

0, 𝑥 < 𝑥0
1

2
, 𝑥 = 𝑥0

1, 𝑥 > 𝑥0

𝑝2 𝑥 = 𝐻𝑥0 𝑥 cosh 𝛼 𝑥 − 𝑥0 − 1
2

𝛼 > 0



Outline 

• Overview of constrained optimization and penalty functions

• FOCUS penalty functions and objective functions

• HSX coils optimized with and without penalty objective functions 
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FOCUS has Four Curvature Functions Implemented
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Linear curvature objective function 

Quadratic curvature objective function 

Curvature penalty function, hyperbolic 

cosine penalty function can be 

substituted with another penalty function 

Curvature penalty function and 

curvature “complexity” objective 

function. Again, penalty function can 

be substituted 



FOCUS can Constrain the Minimum Coil to Coil 

Separation Using Penalty Functions 

• Penalty function can be substituted with another penalty function 

•
𝑁𝑐(𝑁𝑐−1)

2
is equal to the binomial coefficient 𝑁𝑐

2
, the distinct number of pairs 

that can be selected from 𝑁 objects 

• Heaviside function steps down
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𝐻−𝑥0 −𝑥 ≡ 𝐻 𝑥0 − 𝑥 =

1, 𝑥 < 𝑥0
1

2
, 𝑥 = 𝑥0

0, 𝑥 > 𝑥0



FOCUS Optimizes for a Normal Magnetic Field 

Distribution on a Plasma Boundary 

• 𝐁𝐯 is the magnetic field from coils

• 𝑇𝐵𝑛 is a Neumann boundary condition that comes from plasma currents and 

any fixed external current sources

• 𝑆 is a plasma boundary

• Coil currents held fixed during optimization and therefore I do not include a 

toroidal flux objective function 
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Three Length Objective Functions are Implemented in 

FOCUS

• 𝐿𝑖,𝑜 is the user-specified ideal coil length 

• 𝑓𝐿,1 and   𝑓𝐿,3 can be thought of as weak constraints 
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Outline 

• Overview of constrained optimization and penalty functions

• FOCUS penalty functions and objective functions

• HSX coils optimized with and without penalty objective functions 
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Six HSX Coils Sets are Compared 
1. The HSX coils that are not optimized with FOCUS

2. Coils optimized with no curvature functions and no coil to coil separation 

penalty function

3. Coils optimized with the linear curvature objective function and no coil to coil 

separation penalty function 

4. Coils optimized with the quadratic curvature objective function and no coil to 

coil separation penalty function 

5. Coils optimized with a curvature penalty function and no coil to coil 

separation penalty function 

6. Coils optimized with a curvature penalty function and the coil to coil 

separation penalty function

12/16



13/16

1.   The HSX coils that are not optimized 

with FOCUS

2.   Coils optimized with no curvature 

functions and no coil to coil separation 

penalty function

5.   Coils optimized with a curvature 

penalty function and no coil to coil 

separation penalty function 

3.   Coils optimized with the linear curvature 

objective function and no coil to coil separation 

penalty function 

4.   Coils optimized with the quadratic 

curvature objective function and no coil to 

coil separation penalty function 

6.   Coils optimized with a curvature penalty 

function and the coil to coil separation penalty 

function
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1.   The HSX coils that are not optimized 

with FOCUS

2.   Coils optimized with no curvature 

functions and no coil to coil separation 

penalty function

5.   Coils optimized with a curvature 

penalty function and no coil to coil 

separation penalty function 

3.   Coils optimized with the linear curvature 

objective function and no coil to coil separation 

penalty function 

4.   Coils optimized with the quadratic 

curvature objective function and no coil to 

coil separation penalty function 

6.   Coils optimized with a curvature penalty 

function and the coil to coil separation penalty 

function

𝐁𝐯 ⋅ 𝐧

|𝐁𝐯|
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Maximum Curvature 

(m^-1)

Minimum Coil to Coil 

Separation (cm)

1 1.86x10^-5 12.3 9.3

2 8.40x10^-7 246 8.0

3 1.80x10^-5 20.0 8.5

4 1.90x10^-5 11.0 8.0

5 1.24x10^-6 12.3 8.5

6 8.50x10^-7 12.3 9.9

1.   The HSX coils that are not optimized 

with FOCUS

2.   Coils optimized with no curvature 

functions and no coil to coil separation 

penalty function

5.   Coils optimized with a curvature penalty 

function and no coil to coil separation 

penalty function 

3.   Coils optimized with the linear curvature 

objective function and no coil to coil separation 

penalty function 

4.   Coils optimized with the quadratic 

curvature objective function and no coil to 

coil separation penalty function 

6.   Coils optimized with a curvature penalty 

function and the coil to coil separation 

penalty function



Conclusions and Future Work

• Penalty functions are used to constrain important engineering quantities in 

FOCUS

• Coils can be solved for that have both constrained engineering quantities and 

low magnetic field errors 

• Penalty functions can be applied to various other problems, for instance 

constraining rotational transform profiles in STELLOPT to avoid low order 

rationales 

• Coil to coil separation penalty function increases runtime and will be 

parallelized 

• New coils for ATEN and BILA will be optimized to increase minimum coil to coil 

separation and hopefully decrease field error 

Thanks for your attention
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